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Cascaded Iterative Learning Control for a Class of Uncertain
Time-Varying Nonlinear Systems

A. Tayebi, [.G. Polushin and C-J. Chien

Abstract— We propose a simple recursive iterative learning
control (ILC) scheme for a class of uncertain time-varying
nonlinear systems. The proposed constructive backstepping-
like procedure provides, in a systematic way, a control
Lyapunov-like function leading to a simple recursive ILC
scheme guaranteeing the existence of a finite time-interval on
which a perfect tracking can be achieved when the number of
iteration goes to infinity. Simulation results are also provided
to show the effectiveness of the proposed ILC scheme.

I. Introduction

Iterative learning control is a technique that aims to
generate, in an iterative manner, an adequate control
input leading to a ‘perfect’ tracking over a finite time-
interval for systems performing repetitive tasks (See,
for instance, [2], [3], [5], [14], [15], [22]). Several ILC
schemes for nonlinear systems have been proposed in the
literature (see, for instance, the following non-exhaustive
list of references and the references therein [1], [6], [7],
8], [10], [12], [17], [18], [19], [20], [21], [23], [24], [25]).
They are generally based upon 1) the global Lipschitz
condition assumption and the use of the A-norm, or 2) the
use of some structural assumptions as well as a partial
knowledge of the system dynamics, restricting, thereby,
the class of systems considered, or 3) the description of a
given nonlinear system by a set of blended linear models
and a validity function providing a time-varying weight
(or probability) for each model according to the region
of operation of the nonlinear system [19].

The design of ILC schemes is generally performed within
two major frameworks: The contraction mapping frame-
work and the Lyapunov framework. The contraction
mapping approach, which was introduced in early 1980s
for robot manipulators, is generally based on the use
of the time-weighted norm (or Ad-norm) and consists of
adjusting the previous control input with an adequate
correcting term depending, generally, on the current (or
the previous) tracking error profile. In the mid 1990s, an
adaptive ILC approach, based on the Lyapunov theory,
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has been introduced to overcome some of the limitations
of the original approach (i.e., contraction mapping).
This new design methodology, provided powerful tools
to handle complex systems that were difficult to handle
using the contraction mapping approach. In this new
framework, the previous control input is adjusted indi-
rectly through an adequate iterative adjustment of some
parameters in the control law. As a natural consequence,
this new framework has been very helpful in extending
some of the results from standard nomlinear theory!
to ILC design. The backstepping approach [13], in its
simplest form, has been used to design an ILC scheme for
a Ball and Beam system in [11]. It has also been applied
in [9], [16], [21] for a class of uncertain nonlinear systems
in strict-feedback form. However, it is well known that,
despite its huge benefits, the backstepping approach, in
general, leads to very complicated analytical expressions
due to the successive derivatives of the virtual control
inputs.

In the present paper, we propose a constructive
backstepping-like design method leading to a simple ILC
scheme for a quite large class of uncertain nonlinear
systems. The analytical simplicity of the controller is
achieved by avoiding direct cancelation of the successive
derivatives of the virtual control inputs. In fact, those
derivatives are considered as time-varying unknowns that
can be handled by a set of recursive adaptive schemes.
The proposed procedure provides, in a systematic way,
a control Lyapunov-like function leading to a simple
ILC scheme guaranteeing the existence of a finite time-
interval on which a perfect tracking can be achieved
when the number of iterations goes to infinity. Finally,
we provide a numerical example to show the performance
of our proposed controller.

II. Problem formulation

Let us consider the following nonlinear system

.’L‘l(t) = $i+1(t)+fi(i'i,f), i1=1,....n—1
in(t) = u+t fu(z,t) (1)
y(t) = x(1),

where y € R, u € R, z = (21,...,2,)T € R" are,
respectively, the system output, the control input and
the state vector. The functions f; : R™ x [0,T] — R
are assumed to be well defined over R™ x [0,T] and
completely unknown. We assume that the system is in

1By ‘standard’, we mean non-ILC techniques
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triangular form, i.e., Z; = (z1,...,7;),1 € {1,...,n—1}.
We also assume that the system under consideration
is operated repeatedly over a finite time-interval [0, T].
Therefore, we introduce a subscript k£ to denote the
operation or iteration number and rewrite system (2)
as follows:

Tik(t) = @i k(t) + fi@ig,t), i=1,...,n—1
In,k(ﬂ = up+ fn(xkvt)
ye(t) = z1k(t),
(2)
where 7, = (14, -+, Tni)? and T = (T1 4, -, k)L

Our objective is to design an ILC scheme ug(t) guar-
anteeing the boundedness of the state variables, over
the finite time-interval [0,7], for all k, as well as the
convergence of the system output yi(t) to the desired
reference trajectory yq(t) € Cig 7y, for all ¢ € [0,T], when
k tends to infinity.

III. Constructive ILC Design

We propose the following recursive ILC scheme:

Qir(t) = hizin(t) + sioe(t) +sat (3250) 0,4 (0)
Oi(t) = Oip—1(t) + kilsik(t)],
, , (3)
fori=1,...,n, with sox(t) =0, and

[sik—1(t)| > o or k=0
]

an k() if sup
“ (t) _ i€{1,..,n},t€[0,T
YT upoa () if sup |sik—1(t)] <o and k> 1
i€{1,..,n},t€[0,T]
(4)

3 T Zl,k = Yd — xl,kv
n. The signals s; 1 (t)

where 0; _1(t) = 0, for i = 1,...
Zik = Qi—1k — Tik, for ¢ = 2, ey
are generated by

sik(t) = zik(t) — @i(t)sat(zik(1)/¢i(t),  (5)

with (bz(t) = Eie_kit, € > |Zi,k(0)|7 k; > 0 and ];z > 0.
The function sat is a saturation defined as follows:

1 if Ziyk(t) > ¢Z(t)
sat(zik(t)/0i(t) = § zik(t)/di(t) if [z:k(t)] < i)
—1 if Ziyk(t) < —gblgé))

where ¢;(t) is the width of the boundary layer which is
time-varying but iteration-invariant. It is worth noting
that s, 5(0) = 0 and s; g (t)sat(z; k(t)/Pi(t)) = |sik(t)]
foralli € {1,...,n} and k € Z,. The saturation function
has been introduced for two reasons: 1) to smooth out the
virtual control inputs ¢ j, by avoiding the use of the sign
function, which helps in bounding the unknown terms
including the derivatives of the virtual control inputs at
each step of the backstepping procedure; 2) to relax the
reinitialization assumption [7], which is a commonly used
in most existing ILC schemes.

The control law is derived as follows:

We assume that sup |sik—1(t)] > o and we
i€{1,..,n},t€[0,T]
apply the following steps:

Step 1: Let us consider the first equation of (2), i.e., for
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1 = 1, where x9 ), is viewed as a virtual control input.
Denoting the tracking error by 21 = yq — 1,5, we have

Z1p = —T2k — [1(Z1k:t) + Ya- (7)

Let us consider the following Lyapunov-like functional
1 IR
Vig= 5sf,C + 2—]%1/0 Hf)de, (8)

where 0; 1 (t) = 0%(t) — 01 1(t), and 05 (t) € C[OT is such
that there exists? a finite time T} > 0 such that

| = f1(@1k, 1) + alt)| + H2(t)

| = fi(@1p, 1) +9a(t)] <
< 6:(t), Vte|0,Th], Vk e Zy

From (8), we have

AVig = Vig _Vl,kflt
1 d (1 1
= 25%,/@(0)4'/0 ar (25%19)61 551 k-1
[, I L
- — 07 . dr — = 01 101.1d
2% J, 1,807 A 1,kV1,k0QT
1 1 -
= _gsikfl o/, 03 dr
d (1
+ ‘/0 d_T (§S% k) / 6‘1 k6‘1 de
(10)
where $1,,(0) = 0 and 011;C = 01,5 — 61,51 have been

1.2

d
used. Now, let us evaluate (5517,C .

d (1, .
E _Slk = S1,kS1,k

ste(21,e — d1) i 216(t) > ¢1(2)

0 if [z2k(®)] < éu(t)
sie(Zie +01) i 216() < —01(0)
= 51,521,k — sgn(s1,k)01) .
= s1u(—22,k — f1(ZT1k,t) + Yo — sgn(s1,6)d1)
< s1.6(—22,k +sgn(s1 k)07 —sgn(sy x)o1).

(11)

Using (11) in (10) and substituting zs by the virtual
control oy given in (3), we obtain

Lo I A,
AVLk S 2 lk 1 2—k1 ) 917kd7'
t
— = 6‘17k§17kd7’
1t 0

+ / 51 (—kiza g — sat(z,(8)/61(1)0r ) dr

t
+ / s1.0(sgn(s1,0)65 — sgn(ss )dy)dr
0
(12)

2The existence of such a finite time, in this step and all the
following steps, will be discussed latter on.
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Using the fact that

51,k (_klzl,k - Sgn(81,k)¢51)
=S (—klsl,k — ki¢isat(z1 ,x(t)/o1(t)) — Sgn(sl,k)qgl)
= —k1s7 ), — |s1kl (ki1 + )

= _klsikv
B (13)
and using 60 ; given in (3), inequality (12) becomes

AVip < —ig2 L ("% 4
_ - _— T
1,k 12 1;1@71 2% J, 1,k
— ];— 91);§/€1|81 k|d7’
1

(14)

Step 2: Now, let us introduce a new variable 2z =
a1,k — T2, leading to

Zo ) = —x3k — fo(Tok,t) + Qg (15)

Let us consider the following Lyapunov-like functional

1 1 [t
V21c=V1k+—s§k+T/9§de, (16)
’ ’ 2°° 2ko 0 ’

where 0y 1 (t) = 03(t) — 02.(t), and 05(t) € C[o 7,] is such
that there exists a finite 75 > 0 such that

| = fa(Zok, t) + 1 k(t)] < | = fo(Zok, t) + 6ok (t)| + P3(t)
< 05(t), Vi € [0,To), Yk € Z,

(17)
), is given by

The difference of (16), in view of (15

AV =V — Vo
2 2

1 1
; Z 2k;

PN Sz,k 1
i=1

/ 91 kel de
0

( Tok — f1(Z1k, )+y'd—sgn(81,k)¢51) dr
(-

t —.
/ 97;27de
0

me

==

1
t

+

S—s—.1I

Sl,k

+ 52,k z3 ) — fo(Tok,t) + 1k — Sgn(82,k)¢2) dr

(18)
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Substituting xs j by the virtual control ag j given in (3)
and z2 1 by ok — 22,1, we obtain

e
o\..
<*l\3>—~

1k | —kiz1,6 —sgn(si, k)¢1)

s1,k (22,8 —sat(z1,6/01)01,6 — f1(T1k,t) + Ya) dT

t .
/ 52,k ( kozo . — Sgn(Sz,k)¢2) dr
0
k(=816 —sat(zok/¢2)02k — f2(Tok,t) + Qi k) dr

(19)

Since S1,k22,k — S2,kS1,k = Sl,k(52,k + ¢2sat(z2,k/¢2)) -

S2.k81,k = S1,kP28at(22,1/P2), equation (19) becomes
1 2 2 1 t
i=1 =1t
2 1 t
- Z = [ Oixbirdr
— ki Jo

—k121,5 — sgn(su, k)¢1)

—sat(z1 5/¢1)01.1)) dT

0
t
+/ s1k (= f1(Z1k,t) + Pa + posat(z2/d2))
0
t
+/ 52,k ( koz2 ) — sgn(sz k)¢2)
0
t
+/ s (—sat(zo,k/d2)02.x — fo(Tok,t) + du ) d
0
2

_|_
N
V2]

Lk | —kize — Sgn(81,k)¢51) dr

(
+/0 sk (-
(-
(—

+/ S2.k sat(z2 k/¢2)92 k+ Sgn(SQ k)92) dr
0

sat(z1,5/¢1)01 k + sgn(s1 x)07) dr
kozo 1 — Sgn(Sz,k)%) dr
(20)

Following the same argument given in stepl and using
Oir, i =1,2, from (3), we obtain

2 t
/ de—Z/ kisikdr
i=170

(21)

A‘/kag_l zk 1 Z

=1

2k;
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Step (n — 1): In this step we introduce a new variable
Zn—1,k = Qn—2.k — Tn—1,% leading to
271—1,/@ = —Tnk — fn—l(i'n—l,ka t) + dn—2,k- (22)
Now, let us consider the following Lyapunov-like func-
tional

1

1
Lnf = Ln, + = 2 + —
l,k 21k 2877,—1,]6 2]{:”71

/ B2, v, (23)

with 6,1 x(t) = 05_,(t) — 0,_1x(t), where 6%_,(t) €
C[% To 1] is such that there exists a finite T,,_1 > 0 such
that

| - fnfl(fnfl,k; t) + dn72,k(t)| S
| - fn—l(jn—l,kut) + dn—?,k(t)| + ( ) < 9;; 1(t)
vVt € [0,Ty-1], Vk € Z4
(24)
Substituting x, ; by the virtual control ay,—1, given in
(3), one can show that

__Z Sik—1 Z2I€ / ezde
n—1
—~ Z/ksde
(25)

Step n: In this last step, we introduce a new variable
Znk = Qn—1,k — ZTn,k leading to

AV;L—l,}’c <

Znk = —Uk — frn(Tr,t) + Gn_1 k. (26)

Let us consider the following Lyapunov-like functional

t

Vik 92 T,

)

1 1
=Voo1p+ 53;‘; I

2%, (27)

with 0, () = 65 (t) — 6, k(t), where 05(t) € Cf 1 is
such that there exists a finite T3, > 0 such that

| = falzr,t) + dn1k(t)| < 05,(1), VEE€[0,T0], Vk € Zy
(28)
Substituting uy, by the control law given in (4), we obtain

/ 92kd7'

Avnﬁk S _% zk 1 Z

Z/ kis? pdr.

Since AV}, <0, it is clear that V;, x(t) is non-increasing
with respect to k and, hence, bounded if V, o(t) is
bounded. The boundedness of V,, o(t) can be shown as
follows: For k£ = 0, we have

i 10+Z<‘9z0+|sz0|910> (30)

(29)
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Since #; _; = 0, we have 6; o = k;|s; 0|. Therefore, (30)
leads to

Vn,O S _stzo+z 91204—2910910)
- _Zk”o 22k930+z_909*
< —stzo 22]{9304'2&9120
_l’_
= _ZkSzO 20191204'2—9*2
n 1 .
S ;4Iiiéi9i27
(31)
where p; = L(l — 2K;), with 0 < K; < 3 Since

05 (t) is continuous over [0,T], it is clear that V;, o(t) is
bounded over any finite time-interval [0, 7], where T <
T* = min{T1,...,T,}. Therefore, V,, x(t) is bounded for
all t € [0,7T] and all k € tZJr. Consequently, all the

07 ,.dr, i€ {1,...,

0
bounded for all ¢t € [0,T] and all k € Z. Finally, to show
the convergence of s; x(t),i € {1,...,n}, let us rewrite
Vi1 as follows:

state variables as well as n}, are

k k n
1 2
Vak = Vi + Zl AVypj < Vio— B} 2121 Sii—1 (32)
= =1 i=

which leads to

k n
Z Z Sf,j—l <2(

j=1i=1

Vio(t) = Vi (t)) <2V, 0(t).  (33)

Since Vj,0(t) is bounded for all k € Z4 and ¢ € [0,T],
from (33) and (4), one can conclude that there exists a
finite iteration number k* such that sup |s;x(t)] < o,

te[0,T7]
Vk > k*,Vi € {0,...,n}. Consequently, |z; 1 (t)] < &:(t)+
o, Vk > k*, Vi € {0,...,n}, ¥t € [0,T].

Finally, it is important to notice that, at each step i,
we assumed that there exists a function 60 (t) € C 0,73]
bounding the unknown terms f;(Z;,t) as well as the
terms that we don’t want to cancel out, i.e., &; and the
successive derivatives of the reference trajectory, over
the finite time-interval [0,7;]. Now, we will show the
existence of 07 (t) € CEJO,Ti] for any finite iteration number,
if the control gains k; are sufficiently large.

Let us consider the Lyapunov function V,, without the
terms involving the parametric errors, i.e.,

Wi = % z": e
i—1

(34)
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whose time-derivative, in view of (2), (3) and (4) and
according to the previous developments, can be shown
to be

Wik = = kistp+ Y sin(—fi(Zin,t) + 1)
=1 i=1

Z i ksat(z; 1/ ¢i)0; k

i=1
+ isz Lepisat(zi i/ Pi)

< —stlk—i—ZSm (—fi(@i s t) + i1 k)
- leml9m+zalsl 1.k|

< —stzk+251k —fi@i g t) + G )

n _
Z (k: Z |si,kl5i5) + Z€i|5i—1,k|
=1 j=0 i=2

(35)
where ¢, = 74. Now, using Young’s inequality, we have

i s’
i=1

Z Sik(—fi(@int) +di1g) S B 87y
- i=1

(36)

n

Lﬁz flxzku +a1 lk)7

<.
—

and
2
n k—1 n n 15 k—1
_ — 5

D (ki D Isiklsig) <3 Bhisty + 1 > sig|

i=1 7=0 i=1 i=1 7=0
(37)

for any > 0.

Now, using (36) and (37), inequality (35) leads to

Wak < —Z( — ki — B — Bki)si ),
=t )
ki =
S T5 o) IS SRESNEE
i=1 =2
+ ﬁZ( [i(@igst) + ci1p)?

i=1

which means that there exists a finite time interval
T* > 0 over which (38) can be made negative (as
long as sup [sik(t)] > o) by picking 3 and
i€{1,..,n},t€[0,T) B B
k; sufficiently large, with k; > k; + 8+ Ok;, for any finite
iteration number k. Consequently, if k; is sufficiently
large, there exists a finite time interval [0,T;] over
which s; 1 (t) is bounded, which in turns guarantees the
instence of 65 (t) € C%)Ti] for any finite iteration number
Finally, one can summarize the previous development
in the following theorem:

FrA13.1

Theorem 1: Consider system (2), under the ILC
scheme (3)-(4). For any o > 0, there exist k*, T* > 0 and
a sufficiently large k; > 0, such that for all 0 < T < T™*,
the following hold
(1) The state variables of the closed-loop system are

bounded for all ¢t € [0,T] and all k,

(i) z2p(t)] < 64(t) + 0, Yk > k*, Vi € {1,...,n}, ¥t €
[0,T].
IV. Simulation results
We consider the following nonlinear system
T1k = Tok+ :C%k + t? sin(z k)
Zok = uk+cos(xay)+ xik + :C%k (39)
Yk T1,k-

The reference trajectory is taken as yq(t) = 1 — e~ 10¢

over the finite time-interval [0,1] seconds. The initial
conditions are taken equal to zero. Applying the control
law (3)—(4) with kl = kg = 10, ]%1 = ];2 = 1, €1 = €9 =
5x 1072 and o = 5 x 1072, we obtain the results shown
in Fig. 1 and Fig. 2. In fact, Fig. 1 shows the evolution
of the supremum norm of the tracking error function of
the iteration number and Fig. 2 shows the time-evolution
of the reference trajectory and the actual output at the
first iteration (k = 0), the tenth iteration(k = 9) and the
60th iteration (k = 59).

0.7

I
250 300
Iteration Number

I
200

Fig. 1.
iterations

Sup-norm of the tracking error versus the number of

V. Conclusion

We proposed a simple recursive ILC scheme, composed
of a cascade of n scalar adaptive iterative learning con-
trollers, for a class of uncertain time-varying nonlinear
systems. The only requirement on the n-dimensional
nonlinear system is the explicit appearance of the state
variable z;11 in the Z;-equation for all ¢ € {1,...,n —
1}. The nonlinear functions f;(Z;,t), are assumed to
be completely unknown. The proposed backstepping-
like procedure provides, in a systematic way, a control
Lyapunov-like function leading to a simple ILC scheme
guaranteeing the existence of a finite time-interval on
which the boundedness of the state variables of the
closed-loop system as well as the convergence of the
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Fig.

0,9,59

ydandykfork

° i ; ; ; i
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
time (s)

2. Reference trajectory and actual output for k =0, k =9

and k = 59

tracking error to zero are guaranteed. The simplicity of
the proposed controller is achieved by avoiding direct
compensation of the successive derivatives (required in
standard backstepping design) and considering them as
time-varying unknowns to be handled along with the
unknown functions f;(Z;,t) through a cascade of n scalar
adaptive ILC laws.
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