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An Adaptive Iterative Learning Control Framework for a Class of
Uncertain Nonlinear Systems

Abdelhamid Tayebi and Chiang-Ju Chien

Abstract—In this paper, we propose a unified framework
for adaptive iterative learning control design for uncertain
nonlinear systems. It is shown that if a Lyapunov based adap-
tive control law is available for the system under consideration
and the Lyapunov function satisfies certain conditions, it is
straightforward to extend the adaptive controller to handle
repetitive systems operating over a finite time interval. Ac-
cording to the value of a certain parameter 7, the parametric
adaptation law can be a pure time-domain adaptation, a pure
iteration-domain adaptation or a combination of both. The
advantages and disadvantages of the three possible adaptation
types are discussed and some illustrative examples are given.

I. Introduction

After more that two decades of intensive research,
iterative learning control (ILC) is now a well estab-
lished control techniques that fits well systems that are
repetitive in nature. Roughly speaking, this technique
alms to generate, in an iterative manner, the adequate
control input leading to a ‘perfect’ tracking over a finite
time-interval for systems executing repetitive tasks over
a finite time-interval (See, for instance, [1], [2], [3], [4],
11, [13)).

In its early stages, the design of ILC schemes was,
primarily, based upon the contraction mapping approach
and the use of the time-weighted norm (or A-norm) to
prove the convergence of the iterative process. This ap-
proach, basically, consists of adjusting the previous con-
trol input with an adequate correcting term depending,
generally, on the current and/or the previous tracking
error profiles. This approach encountered several well
known obstacles such as the resetting condition, the low
convergence rates, the requirement of the global Lipschitz
condition for nonlinear systems as well as the use of the
output time-derivatives for systems with high relative
degree. In this framework, the reference trajectory as
well as the disturbances are usually assumed to be
iteration-invariant (i.e., the reference trajectory (or the
disturbance) has to be the same at each iteration). In
the mid 90s, a new ILC approach, namely adaptive ILC,
based on a Lyapunov-like theory, has been introduced
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to overcome some of the limitations of the original
approach [5], [6], [7], [8], [12], [13], [14]. This new design
methodology, which inherits the main attributes from its
counterpart in standard nonlinear theory, provided pow-
erful tools to handle complex systems that were difficult
to handle using the contraction mapping approach. In
fact, among the benefits of this approach, one can recall
the relaxation of the resetting and Lipschitz conditions,
the ability to handle systems with high relative degree,
as well as iteration-varying disturbances and reference
trajectories. In this framework, the previous control
input is adjusted indirectly through the adjustment of
some parameters in the control law. The adjustment of
the parameters can be performed along the iteration
axis [12], [13], [14], along the time-axis (initializing the
parameter estimates with their final values obtained at
the preceding iteration) [6], or combining both [7], [8],
[10].
In this paper, we provide a unified formulation of
adaptive ILC for uncertain nonlinear systems. In fact,
we provide a systematic procedure for the design of
adaptive ILC schemes for uncertain systems based on the
existence of a Lyapunov function for the system under
consideration. The proposed parametric adaptation law
is quite general in the sense that it depends on a scalar
~ allowing to select the desired type among the three
adaptation types discussed above, namely, a pure time-
domain adaptation for v = 0, a pure iteration-domain
adaptation for v = 1, and a combination of both for
€ (0,1). In this framework, the reference trajectory is
allowed to be iteration-varying and the initial tracking
error, at each iteration, is either set to zero (resetting
condition) or to the tracking error obtained at the end
of the previous iteration (alignment condition). The
advantages and disadvantages of the three adaptation
types are discussed and some examples illustrating the
design procedure are provided.

II. Adaptive ILC design

Let us consider the following nonlinear system

k() = f (@ (t), ur(t), 0, 1), (1)

where z € R™ is the state vector (denoting generally
the tracking error), ux € R™ is the control vector,
6 € RP is an unknown constant vector, ¢t € [0,7] is
the time, and k € Zy in the iteration (or trial) index.
The nonlinear function f: R™ x R™ x R? x [0,7T] — R
is such that f(x(t),ux(t),0,t) is bounded over [0,T]
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as long as zy(t) and ug(t) are bounded over [0,T]. In
general, system (1) represents the error dynamics and
the explicit appearance of the time in (1) is often due
to the time-varying reference trajectory.

Suppose that one can design a dynamic control law of

the form .
Or(t) = h(zk(t),1),
such that there exists a positive definite function
O(a, 0k) = V() + W (), (3)
satisfying
‘i> = LfV(Ik) + LhW(ék) < —T(:Z?k), (4)

where Y (zy) is a positive definite function, 0 = 6, — 0,
ov ow
and L,V = —f and L,W = gh
Tk
We assume that h(xk(t),t) is bounded over [0, 7] as long

as x1(t) is bounded over [0, T]. We also assume that T (6)
satisfies the following properties:

P1)

AL 5
0. O* (5)

Haw@w

2 ~
( < OW (0)
00,

P2)

W () — W(B_1) < Q) + (9W~(6‘~k)
o0,

where Q(6y) is a positive semi-definite function, and

Or(t) = Ox(t) — Ok (1).
Note that the properties P1 and P2 are satisfied if we
9TF 19y, with T being
a symmetric positive definite matrix. In this particular
P < BT and WL(0) - W0 (1) -
_Lgrp-1g, 4 arr4,.

hroughout this paper, we will use the L, norm
defined as follows:

1/p

l(8)| e = (/Ot ||$(T)||pd7> if pelo,o0)

sup [lz(7)|| if p=oo
0<r<t

O (6)

consider, for instance, W (6,) =

case,

where ||z|| denotes any consistent norm of x, and t
belongs to the finite interval [0, T]. We say that = € L.
when ||z||pe exists (i.e., when ||z||pe is finite).
Now, one can state our result in the following theorem
Theorem 1: Consider system (1) under the following
adaptive ILC scheme

u.k(t) = g(fk(f)a ék (t)v t)

(1=M0k(t) = —10k(t) +0k-1(t) + hlar (D), 1), -
with v € [0, 1], f_1(t) = 0. For y € [0,1), we set 6;,(0) =
Or—1(T). Assume that z(0) = 0 or z4(0) = xx_1(T).
Then

FrA13.6

i) For v € [0,1), zx(t), 0 (t), ur(t) € Loce, for all k €
Zy and for all ¢t € [0,T], and limy_ zx(t) = 0,
vt € [0,T).

i) For v = 1, x(t) € Loce, Or(t),un(t) € Lo
for all kTE Zy and for all ¢t € [0,7], and

(r))dr = 0.

0
Proof: First, we will prove (i), i.e., for v € [0,1). Let
us consider the following positive definite function

limk_,oo / T (ack

(xy, ) = Vieg) + (1 — )W (6g). (8)

In the sequel, we will use U (t) to denote W (xy(t), H:k (1)),
Vi(t) to denote V (x(t)) and Wy (¢) to denote W (0y(t)).
The time derivative of (8), in view of (1-5), is given by

oWy, &

U, = LiVi+(1—7) o0, O,
oWy,
= Lka‘f'LhWk‘f'W( Y05 + v0r—1)
k
oWy,
< _T(«Tk)‘i‘w( YOy, + 10x—1)
k
oW, oW,
< _'Y—k(ek_ok 1) =—7 k(9k—9k 1)
00 89k
< W, e
S 789;6 kTR dr k—1
< — _
< Lo,
) (9)
for any 0 < x < 1. Since 6_1(t) = 0 and ,(0) =0 )1 (T),
it is clear that ¥o(t) and hence zo(t) and 6y(t) are

bounded for all ¢ € [0,T].
Now, let us use the following positive definite functional
t
Wor. 1) = W 6+ [ Wil (n)dr. (10)
0
whose difference can be evaluated, in view of (1-6), as
follows:

AUL(t) = Wit - Ui (1)
y / (Wi(r) — Wi ())dr
= Vi) = V(1)
1= ) (Wi(t) = Werr (1)
+7 / (Wi(r) = Wi (7))dr
= —Vioa(t) = (1 =7)Wi_1(t) + Vi(0)
+(1 _t'Y)Wk(O)
+7 / (Wi(r) = Wi (7))dr
+ / Z(Lfvm - >Zvoikok< )dr
< /o ;r x(T

7/ Q(@k)dT—Vk 1(t)
(

T2 ) Wit () + Ve (0) + (1 — 7)W (0),

(11)
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Now, using the fact that V(0) = 0 (or V4(0) = Vi—1(T))
and W(0) = Wi_1(T), we have,

T T
AU(T) < —/ Y (g (7))dT — ’y/ Q(0x(7))dr < 0.
_ 0 0 12
Hence, Ui (T') is bounded for all k € Zy since Uy(T)
is bounded due to the boundedness of W(t) over
T

[0,T]. This implies that ¥, (T) and | W (0x(7))dr are
bOIdeed for all k € Z4, which in 0turn implies that

|0x||?dr is bounded for all k € Z,. Now, from (9),
0
in the case where Vi (0) = V,_1(T), one has

t
W) < 00+ [ 6ol
T Y a 2

< WU (T —|0k—1]|°d

< W@+ [ L,
and in the case where V}(0) = 0, one has

T
W) < - WEAT)+ [ L,
0

which implies that W (¢) is bounded for all k¥ € Z4 and
all t € [0,T]. Now, from (12), it is easily seen that

k
TT) = T0)+Y

A,(T)
k T
< B0)-3 |t s
k T
> ; Q(0;(7))dr
Hence,
k T
> [ty
= (14)
=0 /0 Q(,(7))dr < Ug(0) — Uy(T)

Since Wi (t) is bounded for all k € Zy, and for all

t € [0,T], it is clear that Wy(¢) is bounded for all

k € Z4, and for all ¢t € [0,T]. Therefore, from (14),
T

one can conclude that limkﬁoo/ Y (zx(7))dr = 0 and
0
T
Q(0x(7))dT = 0. Since w(t), Ox(t), ur(t) €
Loces one0 has @(t) € Loe. Consequently, one can
conclude that limg_.oo Y (25 (t)) =0 for all ¢ € [0,T] and
hence limy_,o 2 (t) = 0 for all ¢ € [0,T7.

Now, let us prove (ii), i.e., for v = 1. Consider the
following positive definite functional

(g, O, t) = Vi(t) + /t W (0 (7))dr, (15)
0
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whose time derivative, in view of (1-5) and (6), is given

Up(t) = Vi(t) + Wi(t)
= LiVii+ Wy (t) — Wk_1~(t) + Wi_1(t)
< LyVi—Q(0) + 6%59“9} + Wi—1(t)
JUL
= LV + LhWki_ Q(0r) + Wi_1(t)
< =T(xk) = Q0k) + Wi—1(t)
< Wi (2).

(16)

Since 6_1(t) = 0, it is clear that 0y(t) = h(zo(t),1).
Since 0(0) is bounded, it is clear that y(0) is bounded.
Therefore, from (16), it is clear that Wy (t) is bounded for
all t € [0,T]. The difference of W(t) can be evaluated,
in view of (1-4) and (6), as follows:

ATL(t) = Vi(t) = Vi (1)
+ [ - Was(r)dr
- —Vk_l(t)—i—Vk(O)—i—/O LyVi(r)dr

v/ :<Wk<T> Wi

—/0 T(:Ck(T))dT—/O
—Vi—1(t) + Vi(0),

IN

Q0)dr

(17)
Now, using the fact that V3,(0) = 0 (or V(0) = Vi_1(T)),

we have,

T T
ATL(T) < _/ (i ())dr _/ Q0(r))dr <0,
0 ) 0 (18)
which implies that W (T") is bounded for all k € Z since
U (T) is bounded.

t
Let wi(t) = W (0k(7))dr. Tt clear that wy(t) <

wi(T) < w < S for all t € [0, T]. Therefore

Uy (t) = Vie(t) + wr(t) < Vi(t) + w. (19)
Thus,
U1 (t) < Vi (t) + w. (20)
On the other hand, one has
AVL(t) = \I/k(tt) — U4 (1) t
< - ; Y (zx(7))dr —/0 Q(0)dr (21)
—kal(t) + Vi (0)
< Vk(O) — kal(t).
From (20) and (21), one can conclude that
Ui (t) < Vi(0) + (22)

o Case 1: (V4(0) = V;_1(T))
Since W,(T) is bounded Vk € Z,, it is clear that
Vi(T) is bounded Vk € Z,. Hence, from (22), one
can conclude that Wy (t) is bounded Vk € Zy, Vt €
[0,T].

5056



45th IEEE CDC, San Diego, USA, Dec. 13-15, 2006

o Case 2: (V4(0) =0)
It is clear that Wy(t) is bounded Vk € Z,, Vt €
[0,T.
Consequently, zx(t) € Looe, ék(t),uk(t) € Lo, for all
k€ Zy and for all t € [0,T].
We have also

k T k T B B B
Z/O T(xj(f))dTJrZ/ Q(6;(7))dr < Ty(0)—T4(T),

j=1 j=170
23
] (23)
which implies that limk_,oo/ Y(zx(7))dr = 0 and
o 0
limg_ o0 / Q(Or(7))dr = 0.
’ 0

Now, we would like to provide the following remarks:
Remark 1: Note that the parametric adaptation law
given in (7), is a mixed time-domain and iteration-
domain adaptation mechanism for v € (0,1). In the
case where v = 0, the adaptation law becomes a pure
time-domain adaptation [6], while for v = 1 it becomes
a pure iteration-domain adaptation [13]. With v € [0, 1),
we guarantee the boundedness of the infinity norm of
the tracking error and the control input as well as the
convergence to zero of the infinity norm of the tracking
error. With v = 1, we guarantee the boundedness of
the infinity norm of the tracking error, the boundedness
of the Lo-norm of the control input as well as the
convergence to zero of the L£o-norm of the tracking error
(under the alignment condition) and the convergence to
zero of the infinity norm of the tracking error (under
the resetting condition)..

Remark 2: With v = 1, Property P1 is not required to
derive the result in Theorem 1, and the unknown vector
6 in system (1) can be time-varying. For v = 0, both
properties P1 and P2 are not required to derive the
result in Theorem 1.

Remark 3: It is worth noting that with v = 0, we will
need to save only ék(T) in the memory instead of saving
0,(t), t € [0,T]. This will considerably contribute to
memory space saving in real-time applications.

Remark 4: Using a pure iteration-domain adaptation
(i.e., v = 1), will avoid the use of the integral to calculate
6. This is very helpful in real-time applications, since
the use of an approximative numerical integration is

avoided.

Remark 5: In the case, where v € [0,1), h is allowed
to depend on 0, i.e., h(zx(t), O (t), t). In the case where
~ =1, one can also allow h to depend on 0y, if we assume
that the following adaptation law

05 (t) = Hk_l(t) + h(:vk (t), 01 (t), t), (24)
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has a unique solution 05, (t), which is bounded over [0, 7]
if 0;_1(t) and x(t) are bounded over [0, T].

Remark 6: It is worth noting that, in the case v = 1, one

can show that limy_. zx(t) = 0, V¢ € [0,T], as long as
2;(0) =0, Vk € Z,. In fact, in this case, (17) leads to

ATy(t) < _V,H(t)_/o T(a:k(r))dr—/o QG ())dr <0,

(25)
which leads to
k k +
SVt + Y / Ty (r))dr
=1 =1 (26)
k t
+Z/ Q(0;(7))dr < Tg(0) — T ()
j=1"0

Since Wi (t) is bounded Vk € Zy, ¥Vt € [0,T], it
is clear that limg oo Vi(t) = 0, which implies that
limy oo xk(t) =0, Vit € [0, T]
ITI. Tlustrative examples
Example 1:
Consider the following system
T = 027 + ug, (27)

where zx € R, up € R, and § € R is an unknown
constant. Assume that the reference trajectory is given
by x4(t). Assume that x4(t) and i4(¢) are bounded over

[0,T]. The error dynamics is then given by
ik = 0(Z + za(t)? +ue — 2a(t), (28)

where Z; = xx — x4. Under the following control law:

uk(t) = 0k (1) (Fk + 2a(1))? — kFp + 2a(t) (29)
Ou(t) = BTr(Tk +za(t))?,
with k& > 0, the following positive definite function
O(ig, Or) = %xi + %é,ﬁ, (30)
satisfies
® = L;V (i) + LaW(0y) < —kZ3. (31)
Hence, the adaptive ILC leading to the results in
Theorem 1, is given by
u(t) = —0k(t)(@x + za(t))? — ki + a(t)
1 =0k(t) = —A0k(t) +0r-1(t) + BEk(Er + zalt))?,

(32)
with 8 > 0, v € [0,1] and 6_,(t) = 0. For v € [0,1),
we set 01,(0) = 0x_1(T). Note that 6 is allowed to be
time-varying in the case v = 1.

Example 2:
Consider the following uncertain nonlinear system:

i1 = fi(z1) + 22+ 0] g1 (21)
iy = faolw1,22) +u+ 03 ga(21,22) (33)
Yy = I,
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where f; and fo are smooth functions, 6; and 62
are unknown constant vectors of dimension p and ¢
respectively, and ¢, and ¢o are known vectors of smooth
functions of dimension p and ¢ respectively. Let y4(t) be
the reference trajectory and z; = z1 — yq the tracking
error. The error dynamics is therefore given by

1) + 22 +9T¢1($17 t)
, L2, )+U+ 92 ¢2(x17x27t)

where f1(Z1, V(&1 + ya(t) — ga(t), fo(Z1,22,t) =
f2(@1 + ya(t),z2), d1(Z1,t) = ¢1(F1 + ya(t)) and
$2(Z1, 22, ) = P2(T1 + ya(t), v2).

Applying the backstepping approach for (34), one can
design the following adaptive control law:

T =

fi(@
iy = fo(® (34)
):

- - 0 0
u=—I1 — fo—kazo — 92¢2+(;~b (— k1171+2’2)+%,
(35)

with

i T A On

66 = T t —

;1 1¢1E5617 ) (@1 ZPra ) (36)

O = Toza¢2(T1,22,1)

where k1, ko > 0, I'y, 'y are symmetric positive definite,
= —fl - 91 ¢1 k11, 29 = 2 — 1.

Under this adaptive control law, the following Lyapunov
function

V(i‘l,ZQ,él,ég) = %j% =+ ; %'i‘ 9TF1 191 =+ 29T1“2 192,
(37)

leads to
V = —k1i? — kp22. (38)

This adaptive controller can be extended to the case
where system (33) is executing a repetitive task over a
finite time-interval. The resulting adaptive ILC will be
as in (7), with 6y, = [011, 02.4]7,

g = —Tip-— F2(31 ks 2ok t) — k222
—03 .92 (21,1, T2 ks 1)
01 (Z1,5, 1) - 01 (Z1,5, 1)
TN (e AL Y
+ D711 (—k1Z1k + 22.5) + It
(39)
and
o . 01 (Z1 1, t)
h— Tio1 (&, t)(T1e — Z2,kTLk . (40)

D220 k2 (21, T2, 1)

where the subscript k denotes the iteration number. The
initial conditions at each iteration must satisfy either
the resetting condition, i.e., Z1 5(0) = 22.5(0) = 0 or the
alignment condition i.e., 1 5(0) = Z1,5-1(T), 22,%(0) =
z2.x—1(T). For instance, the resetting condition is satis-
fied in the case where #1,5(0) = 0, x2,%(0) = 94(0) and
f1(0) = ¢:1(0) =

The boundedness and the convergence of Z; j(t) and
zo.1(t) are guaranteed as per Theorem 1. Note that 6,
and 0, are allowed to be time-varying in the case v = 1.
In this example, a second order system was considered,
for simplicity. It is worth noting that our approach can
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be used for a more general class of nonlinear systems
stabilizable via adaptive backstepping [9]. We have just
to be careful with the initial conditions since new
variables are introduced at each step of the backstep-
ping procedure. In fact, the resetting or the alignment
condition has to be satisfied for all the variables, other
than the parameter estimation errors, involved in the
final Lyapunov function.

IV. Conclusion

We proposed a systematic procedure for the design of
adaptive ILC schemes for uncertain nonlinear systems
based on the existence of a Lyapunov function for the
system under consideration. In fact, if a Lyapunov-
based standard adaptive control law can be designed and
the Lyapunov function satisfies properties P1 and P2,
we show that the extension of the standard adaptive
controller to an adaptive ILC controller is straightfor-
ward. The resulting parametric adaptation law is quite
general in the sense that it includes the pure time-
domain adaptation for v = 0, the pure iteration-domain
adaptation for v = 1, and the combination of both for

€ (0, 1). It has been shown that the main advantages of
the pure time-domain adaptation is the low memory-size
requirement in real-time implementations as well as the
simplicity of the design since both properties P1 and P2
are not required. The pure iteration-domain adaptation
is a discrete-type integration along the iteration axis and
hence it does not require an approximative numerical
integration at each iteration in real time applications,
and it does not require the unknown parameters to be
time-invariant (as in the case of the pure time-domain
or in the case of the combination of both adaptation
types). With the pure iteration-domain adaptation, i.e.,
v = 1, we guarantee the boundedness of the infinity
norm of the tracking error, the boundedness of the Lo-
norm of the control input as well as the convergence
to zero of the Ly-norm of the tracking error (under
the alignment condition) and the convergence to zero
of the infinity norm of the tracking error (under the
resetting condition). With the pure time-domain or with
the combination of both adaptation types, i.e., v € [0, 1),
we guarantee the boundedness of the infinity norm of all
signals as well as the convergence to zero of the infinity
norm of the tracking error.
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