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Consensus algorithms design for constrained heterogeneous multi-agent
systems

Abdelkader Abdessameud, Abdelhamid Tayebi and Ilia G. Polushin

Abstract— This paper addresses the output consensus prob-
lem of heterogeneous multi-agent systems. Specifically, we
propose consensus algorithms that account for input saturations
using only the available output measurements. Our approach
takes roots from a simple design procedure built around ideal
first order consensus schemes (full state availability and no
input saturations) and extends to the more challenging case
including systems heterogeneity, input saturations and partial
state availability. Numerical examples are provided to illustrate
the effectiveness of the obtained theoretical results.

I. INTRODUCTION

The consensus problem in multi-agent systems has been
actively studied over the last decade due to its numerous
applications in the cooperative control of multiple vehicle
systems. Using local information exchange, the consensus
problem consists in finding appropriate algorithms that drive
a team of agents to reach an agreement on some consistent
quantities or a common objective. Using graph theory, ma-
trix theory, frequency-domain analysis tools and Lyapunov
methods, several consensus algorithms for multi-agent sys-
tems with first order dynamics have been proposed in the
literature, see for example [1]-[8] and references therein. The
consensus problem of multi-agent systems with second order
dynamics has also received a wide interest, especially in the
last few years, leading to several interesting results such as
[9]-[13] to cite only a few. This interest is motivated by the
close relationship between consensus problems and motion
coordination of complex dynamical systems such as forma-
tion control, Rendez-vous, and synchronization problems.

Although a particular emphasis in the above references
is given to the study of the effects of the communica-
tion topology between agents, several practical constraints
that are generally imposed in practical environments have
not been considered. In multiple vehicles applications for
example, the inputs are generally subject to input satura-
tions. Also, in several applications, it is desirable to design
controllers that do not involve the measurements of some
state variables. Using only partial state measurements, some
consensus algorithms have been proposed for second order
multi-agent systems using lead filters in [11] and for agents
with higher order using reduced order observers in [14].
Also, second order consensus algorithms that account for
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input saturations have been proposed in [11] and [15] in the
case of undirected communication topologies. However, the
design of consensus algorithms that take into account these
two constraints simultaneously is a challenging problem. In
[16], a solution to this problem for second order multi-agent
systems has been proposed in the simple case of undirected
communication topologies. The main idea in [16] is based on
the use of some auxiliary dynamics that alter the trajectories
of the agents before reaching consensus. Based on this idea,
it has been shown in [17] that, under some assumptions,
existing second-order consensus algorithms developed in the
full state information case and without input constraints can
be adapted to solve the velocity-free second-order consensus
algorithms and account for input saturations.

While most of the aforementioned papers have been fo-
cused on homogeneous multi-agent systems, i.e., agents with
identical dynamics, some efforts have been recently made to
solve the consensus problem of heterogeneous multi-agent
systems, which is important in applications involving the
coordination of different types of mobile agents. In [18],
a solution to the consensus problem for a class of uncertain
heterogeneous linear multi-agent systems is proposed, where
the internal model principle [19] is used to design appropriate
consensus algorithms that drive all agents to achieve output
consensus. Also based on the internal model principle, the
authors in [20] derive necessary and sufficient conditions
such that output consensus is achieved in heterogeneous
linear multi-agent systems. Despite the interesting results
cited above, the design of output consensus algorithms
for heterogeneous multi-agent systems in the presence of
input saturation constraints is yet a challenging and difficult
problem.

In this paper, we present consensus algorithms for hetero-
geneous multi-agent systems that account for input satura-
tions using only the available outputs. We focus on multi-
agent systems containing agents with first order and second
order dynamics, and propose a unified approach to the
consensus algorithm design problem in this case. In the spirit
of [16] and [17], our approach is based on the introduction
of dynamic auxiliary systems to direct the agents towards
suitable intermediate trajectories before reaching consensus.
Our approach can also be interpreted using the internal model
principle as done in [18] and [20]. In contrast to the latter
papers, the order of the auxiliary dynamic system depends
on the dynamics of the agent and two different intermediate
reference trajectories are defined for each agent to achieve
output consensus for the heterogeneous multi-agent system
and account for input saturations. Sufficient conditions are
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derived such that existent consensus algorithms developed
for single-integrator multi-agent systems can be applied to
heterogeneous multi-agents in this case. The application and
effectiveness of the proposed design method are illustrated
by two numerical examples, where we provide solutions to
the consensus problem with communication delays and the
consensus problem with a common desired velocity.

II. PROBLEM DESCRIPTION

Consider the heterogeneous multi-agent system composed
of n autonomous agents, labeled 1 through n, where the
first ;o agents, with ;1 < n, are governed by second order
dynamics and the remaining (n — i) agents are modeled by
first order dynamics, i.e.,

for i € N,
for i € Na,

B

b
where N7 2 {1,...,u}, No :== {pu +1,..,n}, p; € R™
and p; denote respectively the position-like and velocity-like
states of the i*" agent and the vector u; € R™ is the control
input. Note that N7 NN = 0.

The information exchange between agents is represented
by a weighted graph G,, = (N, &, K), where N := N7 UN,
is the set of nodes or vertices, describing the set of all
agents in the multi-agent system, £ C N x N is the set
of pairs of nodes, called edges, and KC = [k;;] is a weighted
adjacency matrix. An edge (i,j) € & indicates that agent i
can receive information from agent j, which is designated as
its neighbor. The weighted adjacency matrix of a weighted
graph is defined such that k;; > 0 if and only if (i,j) € &€
and k;; = 0 if and only if (7,7) ¢ £. If the communication
topology is bidirectional, then G,, is undirected, the pairs of
nodes in & are unordered, (i,j) € £ < (j,i) € &, and K
is symmetric. In the case of unidirectional communication
topology, G,, is a directed graph, £ contains ordered pairs,
and /C is not necessarily symmetric. In the case where the
communication topology is dynamically changing, due to
restrictions imposed by the environment for example, the
weights k;; are time-varying. Also, the information exchange
between agents in the team can be subject to communication
delays.

We assume that all agents are subject to input saturations,
such that [|u;]|cc < Wmax, for i € N, and the velocity
vectors of the y first agents, i.e., agents with second order
dynamics, are not available for feedback. In the presence
of these two constraints, the objective of our work is to
present consensus algorithms for the heterogeneous multi-
agent system (1), under a certain communication topology
described by G,,, such that !

u;,
u;,

(1

(pi—pj) =0, fori,jeN, (2

for any initial conditions, with p; being a desired velocity
available to all members of the team, which can be time-

(p’L - pd) — 07

Throughout the paper, we omit the arguments of time-dependent signals
except for those that are delayed, and use the notation y — ¢, for a constant
¢, to indicate that lim; oo y(t) = c.

826

varying, constant or null, and satisfies ||Pdllocc < Vimax <
Umax and de”oo < Amax < Umax-
For a given vector x = (z!,...,2™)T € R™, we define

the saturation function

x(x) = col[o(z*)] € R™, for ke {1,...m}, (3)

with o : R — R, being a strictly increasing continuously
differentiable function satisfying the following properties:
Pl. ¢(0) =0 and zo(x) > 0 for z # 0,
P2. |o(x)| < oy, for o, > 0.

P3. The diagonal matrix h(x) = diag]
Hh(x)|| < op, op > 0.

do(z*)

Sor| satisfies

III. MAIN RESULT

In this section, we present a unified approach to the con-
sensus algorithm design for the heterogeneous multi-agent
system (1) under the communication topology described by
Gn. Let us associate to each agent the following dynamic
systems

;= pa— Lix(¢;), for i€ Ny, )

and

T = pa— Lix(&;), for i€ No, Q)

where Lf and Lf are strictly positive scalar gains, r; € R™
can take arbitrary initial conditions, the function x is defined
in (3), and the vectors {; € R™ and &; € R™ obey to the
following dynamics

o= —Lix(C) + Lix(&;), for i€ Ny, (6)

g, = —Lx(&) — ®ig, (1), for ieN, @)

and can be initialized arbitrarily, where # = (r/,...,r])" €
R™™  the vector r; € R™ is defined as

Ti = { v — &, for i € N, ®)

and ®; g, (¥) is a protocol designed using the states ¥, and
satisfies the following condition.
Design Condition 1: The multi-agent system

for i € NV. )

achieves first order consensus, ie., r; — pg and (r; —
rj) — 0 as t — +oo, for all i,j € N, where G, is the
weighted graph representing the communication topology
between agents that can be restricted to be directed, time-
varying, and/or subject to communication delays. Further, the
solutions of (9) guarantee that ®; ¢ (I) is globally bounded
and converges to zero when the multi-agent system (9)
achieves first-order consensus.

It should be noted that the dynamics (9) describe a
multi-agent system with identical agents governed by single-
integrator dynamics, where the states r are available for
feedback and no constraints are imposed on the right-hand
side of (9). Therefore, design condition 1 can be satisfied

r; = pa+ ®ig, (1),
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if one is able to design a consensus algorithm for a multi-
agent system with single-integrator dynamics with no input
saturation constraints.

With the above definitions, we propose the following
control input

u; = pa — kix(e; — ;) — k'x(e:)

— LER(C) (—LEx(¢) + Lix(&)) . (10)
b = k(e — ), (1

for i € N1, and
w; = pa — Lx(&;) — kPx(e), for ieNa,  (12)

where e; = (p; — T;), KV, k¢, and k:f are strictly positive
scalar gains, 1,(0) can take arbitrary initial values, and r;,
¢;, and &, are obtained from (4)-(7). The function x is
defined in (3), and the diagonal matrix h(-) is defined in
property P3. We can verify, using properties P2 and P3, that

the above control input can be upper bounded as

=+ Ubkf + (1 — ai)(vmax + O'bLf)’

[Wlloo < i(@max + onop Lg (L + L) + oy k)
(13)

with o; = 1 for i € Nj, and o; = 0 for i € N5. Note
that the right hand side of (13) is always positive due to the
definition of «; and the assumptions on py and pg.

Our main result is given in the following theorem.

Theorem 1: Consider the heterogeneous multi-agent sys-
tem (1) with a communication topology described by G,.
Let the control input in (1) be given as (10)-(12) with (4)-
(8) and suppose that design condition 1 is satisfied. If the
control gains are selected such that

(14)

Yi S Umax — ®¥;AQmax — (1 - Oéi)vmax,

with i = oy (kf +ag(kd + on LS(LS + L) + (1 — ai)ng)

and «; being defined after (13), then ||u;l/cc < Wmax, for
i € N, and the heterogeneous multi-agent system
(1) achieves consensus in the sense of (2), ie,
(Pi(t) — p;(t)) = 0, (Pi(t) — Pa(t)) — 0, as t — oo, for
1,7 €N.

Proof: See Appendix L |

The proposed consensus algorithm in Theorem 1 is based
on the introduction of the dynamic systems (4), for ¢ € N7,
and (5), for i € N, to generate the vector T;, which is
considered as a first intermediate reference trajectory for the
it" agent (i € N). For the group of agents of second order
dynamics, ¢ € N7, the additional dynamic systems (6)-(7)
are implemented to generate the vectors ¢, and &;. These
auxiliary vectors define a second intermediate reference
trajectory r; such that: r; = r; — (¢; + &), for i € M.
For the group of agents with first order dynamics, ¢ € N3,
the dynamic system (7) is implemented to generate &;. This
vector defines a second intermediate reference trajectory r;
such that: r; = 1; — &;, for i € Ns.

With the above definitions, the input of the dynamic
system (7) is designed, without consideration of the input
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constraints, such that all agents in the team reach an agree-
ment on their second intermediate reference trajectories, i.e.,
(ri —r;) — 0 and ¥; — pg, for 4,5 € N. To this end,
all agents need to transmit their variables r;, rather than
transmitting their real position states. Once this is achieved,
the auxiliary variables &;, for i« € N, and (;, for i €
N1, are driven to zero asymptotically, leading, hence, the
error between the two intermediate trajectories to converge
asymptotically to zero, i.e., (r; — ;) — 0, for i € N.
Finally, the bounded control input for each agent is designed
without velocity measurements, as in (10)-(12), to ensure
that each agent tracks asymptotically its corresponding first
intermediate reference trajectory, r;, achieving hence our
control objectives.

To apply the result of Theorem 1, one only needs to
design the input of the first-order multi-agent system (9)
such that design condition 1 is satisfied under the pre-
scribed communication topology. This input is free from any
constraints and is constructed based on available signals.
Therefore, Theorem 1 provides a straightforward method
extending existent consensus algorithms developed for first-
order multi-agent systems, containing identical agents with
no input constraints, to solve the consensus problem for the
heterogeneous multi-agent system (1), and account for input
saturations without velocity measurements.

IV. APPLICATION EXAMPLES

In this section, we use our main result in the previous
section to derive solutions of two different consensus prob-
lems for the heterogeneous multi-agent system (1) with input
saturations and without velocity measurements.

A. Example I: Consensus with communication delays

We consider the consensus problem of the heterogeneous
multi-agent system (1) with communication delays. We as-
sume that the interconnection between agents is represented
by the directed graph G,, and the i-th agent receives in-
formation from the j-th agent with a constant delay 7;;.
We consider the case where the final velocities of agents
are required to converge to zero, i.e., Ppg = 0. According
to Theorem 1, we first design the input of the multi-agent
system (9) to satisfy design condition 1 under directed com-
munication topology and in the presence of communication
delays. For this purpose, we propose the following function

n

= kij(ri — i (t — 7iy)),

Jj=1

®;g,(t) = 5)

with k;; being the (i, j)!" entry of the adjacency matrix of
the directed graph G,. We can show that the multi-agent
system (9) with (15), and py = 0, achieves consensus in the
presence of arbitrary constant communication delays if the
directed communication graph is strongly connected?. This

2A directed graph is strongly connected if there exists a directed path
between any two distinct nodes [21].
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can be verified using the Lyapunov-Krasovskii functional

Z% r; rl—l-ka/

t

ro(s)rj (s)ds

Tij

having the negative semi-definite time-derivative 1%
—3 2oie1 2jer Yikijlri — xj(t — 7ij)|l, with 4; > 0 being
the elements of the vector v := col(y1,...,7,) such that
yTL =0, where L := [l;;] € R"*" is the Laplacian matrix
of the communication graph defined as: [;; = Z?:l ki; and
l;; = —k;;. Note that for a directed strongly connected graph,
such a v always exists. Following standard signal chasing,
we can verify that the right hand side of (15) is bounded and
converges asymptotically to zero, t; — 0, and (r; —r;) — 0
for all 4,5 € N. This satisfies design condition 1.

Consequently, we propose the following input for each
agent with second-order dynamics, i.e., i € N7,

u = —kiiX(ei — ;) — ki x(e;)
= LEh(C) (~LEx(C) + LEx(E))
¥, kY (ei — b,), (16)
&= —Lix(¢) + Lix(&),
& = —Lix(&)+ X0 kij(ri — vj(t — 7)),

and the following input for all agents with first-order dynam-
ics, i.e., i € Na,

w = —Lix(&) — k'x(e),
Eo= CLEX(E), (17)
£ = —LEX(Ez)JrZJ 1 ki (v —xj(t = 735))

where e; = (p; — T;), for i € N, r; is defined in (8), and
the control gains are given above. Using the result of Theo-
rem 1, we can conclude that the heterogeneous multi-agent
system (1) with the consensus algorithm (16)-(17) achieves
consensus, ie., (p; — pj) — 0, p; — 0, for i,j € N,
under a strongly connected directed communication graph
with arbitrary constant communication delays. In addition,
the control input for each agent is guaranteed to be a priori
bounded as in (13) with v, and ay,.« Set to zero.

Fig. 1. Interaction graph Ga.

To validate the above result, we implement consensus
algorithm (16)-(17) to a group of four agents modeled as

in (1), with m = 1 and p = 2, ie, N7 = {1,2} and
Ny = {3,4}. We assume that all agents are constrained
such that u,.x = 2, and the information flow between

agents is represented by the directed strongly connected
graph G, given in Fig. 1. The initial conditions of agents are
selected as: P(0) = (1,1.5,2,3)" and V(0) = (0.1,0.2) T,
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with P(t) = collp;(t)] for i € N := {1,2,3,4}, and
V(t) = col[p;(t)] for i € Nj. Also, the initial conditions
of the auxiliary systems are selected as: T;(0) = p;(0) and
€,(0) = 0 fori € N, ¢;(0) = 1,(0) = 0, for i € Ni.
The saturation function in (3) is given as o(x) = tanhuw,
with 0, = o5, = 1, and the control gains are selected as:

kij = 5, for (i,5) € & (K',L%) = (0.3,1), for i € N,
and (kf,k;p,Lc) (0.45,1,0.5) for i € N7. It is clear that

condition (14) is satisfied with v, = 0 and a.. = 0.
The communication delays are considered as: 71; = 0.3 sec,
T9; = 0.2 sec, 13; = 0.4 sec, 743 = 0.3 sec, for i € N. Fig.
2 shows the systems trajectories in this case, where it can be
seen that consensus is achieved despite the communication
delays and |u;| < Umax.

i=1---i=2

time (sec)

Fig. 2. Simulation results for Example I.

B. Example II: Consensus with a group desired velocity

The control objective in this example is to design a con-
sensus algorithm such that multi-agent system (1) achieves
output consensus and each member of the team tracks a
common desired velocity, given by p,(t), and is available to
each agent in the team. The desired velocity is assumed to
satisfy [|pa(t)|looc < Vimax < Umax and [|[Pa(t)]|co < @max <
umax~

Similar to the previous example, to satisfy Design condi-
tion 1, we propose the following function in (9)

n

=2k

Jj=1

Zgn i —I'J (18)

with k;; being the (i, j)!" entry of the adjacency matrix of
the directed graph G,,. Let &; = (r; — fot pa(s)ds), and ¥ =
(; — pa)- Therefore, the dynamics of the multi-agent system
(9) with (18) can be rewritten as

r, —r;), forieN. (19)
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Then, following the same steps as in [4], we can show that
t; and (r; — r;) are globally bounded and (r; — r;) — 0
and r; — py, if the directed communication graph contains
a spanning tree. Therefore, Design condition 1 is satisfied.

As a result, we conclude that the heterogeneous multi-
agent system (1) with the consensus algorithm given by (10)-
(12), with (4)-(7) and (18), with r; given in (8), achieves
consensus in the sense of (2), i.e., (p; —p;) — 0, p; —
pa, for i,7 € N, under the condition that the directed
communication graph has a spanning tree. In addition, the
control input for each agent is guaranteed to be a priori
bounded as in (13).

Fig. 3. Interaction graph G4.

To test the effectiveness of the consensus algorithm in
this subsection, we consider the same heterogeneous multi-
agent system in Example I, with uy.x = 2, under the
directed graph G, given in Fig.3, which contains a directed
spanning tree. The common desired velocity is given as

¢ = 0.5sin(2t/m). The initial conditions and the control
gains are selected as in Example I. Fig.4 shows the obtained
simulation results, where we can see that the heterogeneous
multi-agent system reaches consensus and the control input
for each agent satisfies |u;| < Wpax.

Pi

10
time (sec)

Fig. 4. Simulation results for Example II.

V. CONCLUSION

We proposed output consensus algorithms for heteroge-
neous multi-agent systems subject to input saturation con-
straints. We have shown that first-order consensus algo-
rithms, developed under a certain communication topology
and satisfying some conditions, can be extended to the
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heterogeneous case in the presence of input constraints and
without velocity measurements. This has been illustrated in
two examples, where solutions to two different consensus
problems have been developed. Although we consider hetero-
geneous multi-agent systems containing agents with single
and double integrator dynamics, this work gives insights to
a future extension to the case of high order heterogeneous
multi-agent systems.

APPENDIX I
PROOF OF THEOREM 1

First, it can be seen that ||u;|/cc < Umax, for i € N, is
verified from (13) under condition (14).

Consider the error vector e; := (p; — r;). By taking the
time-derivative of (4) we can notice, in view of (6) and prop-
erty P3, that ¥; = Pa — L{h(¢,) (—Lix(¢,) + Lix(€)) ),
for i € N7. Therefore, using (1), (4)-(5), and (10)-(12), we
can write

_ ) Ld . ab.
{ & = —kix(e;)) —kix(ei— ), (A1)
’lnb _k ( "/)i)a
for ¢ € N7, and
e = — kfx(el) for i€ NQ. (A-2)
Consider the following positive definite functional
m k
1 T » i
V= 5 Z <ei & + ki Z/ cr(s)ds)
€N
e —yf )
ey Y / ds,  (A3)
l€N1 k=1
with e; = collef] and ¥, = col[yF], for k € {1,...,m},

i € N1, and o is the scalar function defined in (3).

Note that V' in (A-3) can be verified to be radially
unbounded from the definition of . The time-derivative of
V evaluated along the dynamics (A-1) can be obtained as

v=>"¢f (ei) — ki'x(ei —1,))
i€N
+ Z (k Tx(es) + k(e — ;) Tx(es — ’l.bz))
i€EN7
= = > KR (ei — ;) " x(es — 1), (A-4)
iENl

which is negative semi-definite, and we conclude that &;, e;,
1,;, and 1,b1 are bounded for i € N;. This, with property P3,
leads us to conclude that V is bounded. Invoking Barbdlat
Lemma, we conclude that ), = k;/’ (ei —;) = 0 forie
N,. Furthermore, we can verify that (é; — 1p,) is bounded
for i € Ni. Invoking Barbdlat Lemma, we conclude that
(é; — ;) — 0, for i € Ny, and hence we know that &; — 0
for i € N;. In addition, we can show from the time-derivative
of (A-1) and property P3 that €;, for i € N7, is bounded.
Invoking Barbdlat Lemma again, we conclude that €; — 0,
for ¢ € N, which leads us to conclude that e; — 0 for
all ¢ € Ni. In addition, it is straightforward to show from
(A-2), by exploiting the properties of the function y, that e;
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(for © € N>) is globally bounded and e; — 0, &; — 0 for
i € Na2. As a result, we conclude that (p; — ;) — 0 and
(pz_f‘z) — 0, for i € N.

Furthermore, Design condition 1 guarantees that the multi-
agent system 9 achieves consensus in the sense that (r; —
rj) — 0, r; — pg, for all ¢,j € N, and the function
®, g, (1) is globally bounded and converges asymptotically
to zero for i € N. Therefore, the dynamics of the auxiliary
variable &, given in (7), can be written as

éi = _L§X(€i) + 14,

for i € N, with 0, := —®{, (#), for i € N. Note that 0,
is globally bounded and converges asymptotically to zero.
Consequently, éi, i € N, is globally bounded. To show that
&, 1 € N, is globally bounded and converges asymptotically

to zero, we consider the Lyapunov-like function candidate

1
Wi =€l € (A-5)
for 7 € N/, with its time derivative obtained as
Wi =€l & = €] (Lix(e) )
< =Yl (LiotED - 1k) a6
k=1

with &; = col[¢F] and n; = col[pF], for k € {1,...,m},
where we have used the property; xo(z) = |z|o(|z|), for
any = € R, to obtain the last inequality. Note that Wi <
l€;1l|m; ], and using the fact that ||€;]|? < 2WV;, we can write
W; < In;Iv/2W;, which can be rewritten as % < 7dt,
with v/2||n;|| < 7;. Integrating this last inequality over the
interval [to, t] yields: 2 <\/Wz(t) - \/Wi(to)) < it —to),
which shows that there is no finite time for &,, i € N.
Now, since the function o is bounded, it is easy to verify
that the right hand side of inequality (A-6) is positive when
Ink| > abLf. However, since 7, is bounded and converges
asymptotically to zero, it is clear that there exists a finite
time #; such that |n¥(t)| < oL for all ¢ > ¢;. Note that &,
remains bounded on the interval [0,¢;] as there is no finite-
escape time. Consequently, for all ¢ > ¢;, one can conclude
that the right hand side of (A-6) is negative outside the set

s={e 1ol <

7, for k=1,...,m¢. Also, we can

conclude that &; is bounded outside the set S. Since o(].|)
is a class IC function, §; is ultimately bound to reach the set
S and will be driven to zero as m; — 0. As a result, we
conclude that &; — 0 and &, — 0 for i € N.

Consequently, the dynamics of the vector ¢; for i € A7,
given in (6), can be rewritten as

&= —LEx(¢) + gy

with 7, := fo(éi), for i € N1, is bounded and converges
asymptotically to zero. Following the same steps as above,
we can conclude that CZ and ¢, are globally bounded and
¢, —0,¢; =0, forie M.

Finally, since we have shown that r; — pg, (r;—r;) — 0,
for 4,7 € N, we can conclude, in view of the definition of

i —
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r; in (8), that (¥; — ;) — 0, T; — pg, for all 4,5 € N.
This with the fact that (p; —¥;) — 0 and (p; — ;) — 0, for
i € N, lead us to conclude that (p; — p;) — 0, pi — Pd,
for all 4,5 € \V.
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